The moving frame acoustic holography method, which can increase the aperture size and spatial resolution of a hologram was recently proposed ͓H.-S. Kwon and Y.-H. Kim, J. Acoust. Soc. Am. 103, 1734-1742 ͑1998͔͒. This method continuously sweeps a stationary sound field by using a line array of microphones so that the hologram of a scanned plane can be obtained. This method enables us to visualize the noise generated by moving noise sources based on near-field acoustic holography. However, a drawback is that it can be applied only to sinusoidal components. This limits its practical application. In practice, bandlimited and transient noise, as well as a sinusoidal component, must be dealt with in order to effectively control the noise generated by the moving noise sources. This paper addresses a way to improve the moving frame acoustic holography method so that it can be applied not only to sinusoidal components, but also to a coherent bandlimited noise. The practical applicability of the improved method is also verified by experiments.
INTRODUCTION
Being able to see where noise is generated and how it propagates would simplify the effective control of noise. Although near-field acoustic holography ͑NAH͒ 1 is one of the fine visualization methods, it has several limitations. These are mainly due to the aperture size of the hologram, its microphone spacing, and the distance from noise sources. Theoretically, NAH requires a continuous hologram of infinite size, but in practice only a discretized hologram of finite size is obtainable. For stationary sound fields, the aperture size of the hologram and the microphone spacing can be increased and reduced by step-by-step scanning of the sound field over the hologram plane. Several methods of this kind 2-4 have been introduced. However, they cannot visualize moving noise sources, because they assume that noise sources are standing still instead of moving. If we try to apply NAH to the visualization of sound fields generated by moving noise sources, then we must be able to measure sound pressures on the moving plane affixed to the noise sources. This is possible by using a planar array of microphones, which requires a very complex measurement system 5 and therefore limits the ability of the conventional NAH method 1 to effectively apply to moving noise sources. Line array methods [6] [7] [8] [9] [10] [11] [12] other than the acoustic holography method have been proposed to localize the noise sources of moving vehicles. Their main application was high speed trains. [6] [7] [8] [9] [10] [11] The main objective of line array methods is to find the locations of the noise sources based on a beamforming method. These methods find an equivalent distribution of monopole sources strength over the source surface. This means that they cannot provide the way to describe how the wavefront of noise propagates. It is also noteworthy that they cannot give us adequate information of sound pressure distribution, particle velocity, and acoustic intensity, all of which are obtainable from the NAH method.
The moving frame acoustic holography ͑MFAH͒ 13 was originally proposed to increase the aperture size of the hologram. In this method a line array of microphones continuously sweeps a sound field. The relative motion between the line array of microphones and the noise sources enables us to visualize the moving noise sources based on the acoustic holography method. This is the major advantage of the method. However, it is noteworthy that this method has an inherent limitation due to the Doppler effect: The frequency band centered at a frequency of interest in the hologram coordinate is broadened as the relative speed between the noise source ͑hologram͒ and the line array of microphones is increased. Thus this method is applicable only to tonal components, which do not cause sideband overlapping. 13 The scope of practical application of this conventional MFAH method is limited due to this drawback. In practice, there exist many noise sources that radiate not sinusoidal noise but bandlimited or transient noise. For example, pass-by or coast-by noise might have various bandlimited or transient noise sources.
This paper explains the way to improve the moving frame acoustic holography so that we can apply it to coherent bandlimited noise. The proposed method is verified both analytically and experimentally.
I. THE MOVING FRAME ACOUSTIC HOLOGRAPHY IN TERMS OF PLANE WAVES AND COMPLEX ENVELOPE
The moving frame acoustic holography ͑MFAH͒ enables us to transform the sound pressure of a scanned plane a͒ Electronic mail: yhkim@sorak.kaist.ac.kr measured by a line array of microphones into that of a hologram plane moving with the noise sources. In order to explain the transformation of the sound field, we introduce the measurement coordinate, fixed to the line array of microphones, and the hologram coordinate, fixed to the noise sources. Let us denote the sound pressures on the measurement coordinate ͓(x m ,y m ,z m )͔ and the hologram coordinate ͓(x h ,y h ,z h )͔ as p m (x m ,y m ,z m ;t) and p h (x h ,y h ,z h ;t), respectively, as shown in Fig. 1 . In this method we assumed that the two coordinates move in parallel and their relative velocity is u m/h ϭu m Ϫu h ͑See Fig. 1͒ . If we further assume that a line array of microphones is rigidly attached to the measurement coordinate (u m/h ϭu m Ϫu h , see Fig. 1͒ , then the sound field measured by the measurement and hologram coordinate will be
Note that Eq. ͑1͒ is the exact expression of the relation between the sound pressure on the hologram and the measurement coordinate when the microphone continuously sweeps the sound field induced by the noise sources fixed in space. However, in case of moving noise sources, the pressure on the measurement coordinate represents the sum of the pressure on the hologram coordinate ( p h ) and additional pressure due to the source motion. 14, 15 Note that what we want to obtain is only the pressure on the hologram coordinate ( p h ). This means that the additional term due to source motion causes an error. However, the effect of this term can be neglected at a low Mach number, because the pressure change due to the source motion is an order of the Mach number. 14, 15 Equation ͑1͒ leads to the basic equation of the MFAH, 13 that is
where F T denotes the temporal Fourier transform and P h denotes an x-directional wave-number spectrum. We denote frequencies in the measurement coordinate and in the hologram coordinate as f and f h , respectively. Note that p and P denote a time signal and a frequency spectrum, respectively. Equations ͑1͒ and ͑2͒ mean that the temporal Fourier transform of the pressure signals measured by the measurement coordinate, or the Doppler shifted spectrum from the line array of microphones ͓left-hand side of Eq. ͑2͔͒, is the continuous sum of x-directional wave-number spectra ͓right-hand side of Eq. ͑2͔͒. This has a very significant meaning in practice. It means that we can get the hologram P h (x h ,y h ,z H ; f h ) from the x-directional wave-number spectrum ͓Eq. ͑2͔͒ by filtering the Doppler shifted spectrum centered at f h with a filter bandwidth. 13 Note that the desired x-directional wave-number spectrum will be obtained only for the sound field that has discrete frequency components. See the Ref. 13 
Appendix A describes the definitions of Fourier transform pairs, which are frequently used in this paper. From Eq. ͑4͒, we can see that the signal measured by the measurement coordinate is Doppler shifted by the frequency, f ϭ f h0 Ϫu m/h k x0 /2. The same spectrum must be observed with regard to the x-directional wave-number (k x ) domain as Eq. ͑2͒ implies. The x-directional wave-number spectrum of Eq. ͑3͒ is obtained by using the spatial Fourier transform of
) is the temporal Fourier transform of Eq. ͑3͒. Therefore the x-directional wave-number spectrum of Eq. ͑3͒ will be written as
If we put the right hand side of Eq. ͑5͒ to the right hand side of Eq. ͑2͒, then we can obtain Eq. ͑4͒. This means that the Doppler shifted spectrum of the signal measured by the measurement coordinate F T ͕p h (u m/h t,y h ,z H ;t)͖ expresses the x-directional wave-number spectrum of the measured sound field. Therefore the MFAH provides the way to produce spatial information (x-directional͒ from temporal information. Figure 2 depicts the relation between the temporal and spatial distribution of the one-dimensional sound field. The frequency and wave-number vector of this sound are f h0 and (k x0 ,0,0), respectively. Note that k x0 ϭ2 f h0 /c. The frequency measured by the moving microphone will be f h0 Ϫ(u m /c) f h0 , since we assumed that the moving microphone travels along the positive x-axis. This will be written as FIG. 1. Three coordinate systems ͑reference coordinate, hologram coordinate which moves with the vehicle, and measurement coordinate which is attached to a vertical line array of microphones͒. The coordinate transformation enables us to obtain the hologram on the scanned plane.
by using the x-directional wave number k x0 . Expressing the wave number in terms of the frequency gives
which is the first argument of the right hand side term of Eq.
͑2͒.
This observation can be extended to the general case. Figure 3 illustrates that, in general, a two-dimensional wave can be expressed as the sum of plane waves with regard to an x-directional wave number and a frequency. It is noteworthy that the moving frame acoustic holography in this case has relative motion in the x direction only; in other words, the moving frame moves in the x direction. Therefore there is no change in the wave number in the y direction. As we can readily see in the figure, the Doppler shifted frequency spectrum has complete information on its wave-number spectrum, therefore pressure distribution in the x direction. This means that we need only one microphone in the x direction to obtain its spatial distribution in the x direction. We only need microphones in the y direction in order to obtain the sound field on the hologram surface. It is interesting to note that the bandwidth of the Doppler shifted spectrum is completely due to the two-dimensional characteristics of sound fields. A one-dimensional sinusoidal wave does not produce any bandwidth. The reason for this is that the Doppler shift is a pure kinematic phenomenon that is associated with the shape of the wavefront. Figure 3 illustrates this fact systematically in terms of plane wave decomposition of the sound field.
Let us summarize the meaning of Eq. ͑2͒. The right hand side of Eq. ͑2͒ is the Doppler shifted spectrum, and the integrand is the wave-number spectrum which we want to obtain. If a noise source emits the sound of single frequency ( f h0 ), then Eq. ͑2͒ will be written as
where ⌬ f h is a spectral bandwidth. From Eq. ͑8͒, we can obtain the wave-number spectrum in the x direction with the corresponding frequency f h0 . Then taking the inverse Fourier transform with respect to x provides the wavefront distribution in the x direction. If we repeat this procedure for all y h 's, which are determined by the positions of microphones in the y direction, then we obtain the required wavefront distribution on the plane of interest ͑hologram͒. The temporal inverse Fourier transform of Eq. ͑8͒ gives us another interesting feature of the moving frame acoustic holography, that is,
See Appendix B for the detailed derivation of the second part of Eq. ͑9͒. Equation ͑9͒ expresses that the spatial distribution of sound pressure at f h0 is the complex envelope of the complex signal measured by the measurement coordinate. If we know the frequency f h0 , then we can obtain the hologram P h (x h ,y h ,z H ; f h ) by multiplying e j2 f h0 t by both sides of the equation.
As described in Ref. 13 , and also obviously indicated by the above explanations, the moving frame acoustic holography is valid only for discrete frequencies that do not cause the sideband overlapping.
II. THEORETICAL BACKGROUND OF THE MOVING FRAME ACOUSTIC HOLOGRAPHY FOR COHERENT BANDLIMITED NOISE
The conventional MFAH method cannot correctly mimic the sound field of a continuous bandlimited spectrum, simply because the method is valid only for the sinusoids.
In order to apply the MFAH to a continuous bandlimited spectrum, the sideband overlapping 13 of frequencies within the band must be resolved. Examining a sound field whose spectrum is bandlimited can deal with this problem. We can assume that the sound field generated by bandlimited and coherent noise sources has almost the same spatial distribution of sound pressures at every frequency within the bandwidth. This means that the sound field by the coherent bandlimited noise source can be regarded as having a ''mean sound field'' whose standard deviation is small if its bandwidth is sufficiently narrow. Mathematically, the Doppler shifted spectrum can be regarded as the convolution of two spectra as illustrated in Fig. 4 . The one, a normalized source spectrum, represents the frequency contents of the bandlimited noise of our interest. As we will discuss later, this spectrum can be obtained by normalizing the source spectrum with a spectral value at the center frequency. The other, which we will call by ''mean wave-number spectrum'' in the x direction, represents the spatial distribution of the sound pressure induced by the bandlimited noise source. Our objective is to find this wave-number spectrum. In practice, when we measure the normalized source spectrum, we obtain the mean wave-number spectrum by deconvolving these spectra. Note that the deconvolution of the two spectra can be easily resolved in a time domain. Now we will present the mathematical derivation associated with this idea in the following.
The center frequency and bandwidth of a bandlimited sound field is denoted as f hc and B, respectively ͓See Fig.  5͑a͔͒ . In practice, a bandpass filter is designed to filter out other frequency components that are not our interest. The bandpass filter will be written as
where
is the unit step function, and M denotes the Mach number. Here we assume that any other neighboring bandlimited spectra do not create the sideband overlapping with the bandlimited spectrum of our interest. The filtered signal of Eq. ͑2͒ by using Eq. ͑10͒ is rewritten as
As previously mentioned, if we assume that the bandlimited sound field is produced by the coherent sound sources, then we can express the sound field as
where A( f h ) is the normalized source spectrum that is defined as the ratio of a complex amplitude of sound field at an arbitrary frequency in the band to that of center frequency ͓See Fig. 5͑b͔͒ . We denote f hϩ ϭ f hc ϩB/2 and f hϪ ϭ f hc ϪB/2. Note that A( f h ) has zero outside the interval f hϪ р f h р f hϩ . Equation ͑12͒ essentially considers that the bandlimited spectrum ( P h,B ) is the product of the spectrum of the band's center frequency ( f hc ) and the normalized source spectrum. It is noteworthy that Eq. ͑12͒ can be written in terms of an x-directional wave number by utilizing the spatial Fourier transform ͑see Appendix A͒, that is,
Equations ͑11͒ and ͑13͒ lead to the result
A numerical simulation to demonstrate the effect of processing ͓according to Eq. ͑18͔͒. ͑a͒ Simulation configuration. ͑b͒ Normalized frequency spectrum used in the simulation. A narrow-band signal whose bandwidth is 4% of center frequency ͑343 Hz͒ was modeled as the sum of sinusoidal components whose initial phase is arbitrary. ͑c͒ The real part of the filtered complex signal from the moving microphone. The signal is Doppler shifted. ͑d͒ Real part of the reference microphone signal. ͑e͒ The magnitude of the reconstructed hologram. This can be obtained by using Eq. ͑18͒. The result is compared with the true hologram and the hologram by the conventional method. ͑f͒ The phase of the reconstructed hologram.
We can easily obtain the second part of Eq. ͑14͒ by changing variables, f Јϭ f Ϫ f h . We can see that the right hand side of Eq. ͑14͒ represents the convolution of the mean wave-number spectrum P hc , and the normalized source spectrum A( f h ). The time domain expression of Eq. ͑14͒ will be ͑see Appendix C for the detailed derivation͒
which is easier to interpret. Note that the second integral of the right-hand side of Eq. ͑15͒ must be obtained from actual measurements. This means that we need additional measurement in the hologram coordinate. This can be accomplished by having a reference microphone that is fixed to the noise source. It is also noteworthy that we need only one reference microphone if we can assume that bandlimited noise sources are coherent. From the reference microphone signal, A( f h ) can be obtained as 
can be simplified by using the relation in Appendix B, This equation forms the basis of the improved moving frame acoustic holography for coherent bandlimited noise. The left-hand side of Eq. ͑18͒ is the filtered complex pressure signal from the line array of microphones. The first term of the right-hand side of Eq. ͑18͒, P hc (x h ,y h ,z H ; f hc ), is the mean hologram of the bandlimited noise. Recall that this is obtained from the mean wave-number spectrum in the x direction. The second term is the filtered complex pressure Figure 6 illustrates the detailed process of the proposed method ͓Eq. ͑18͔͒ by means of a numerical simulation. We assumed a point source whose spectrum is bandlimited ͑See   FIG. 10 . The animated pictures of the reconstructed phase weighted sound pressure on the source plane by using the conventional MFAH method. The same data in Fig. 9 were used. ͑a͒ A 450 Hz pure tone. ͑b͒ A narrow-band noise whose center frequency and bandwidth are 450 and 32 Hz ͑7% bandwidth of center frequency͒. Fig. 6͒ . The center frequency is 343 Hz and the bandwidth is 4% of the center frequency. We assumed that the point source was located at ͑5, 0, 0͒ and a microphone was moving 0.2 away from the noise source at the speed of 10 m/s. According to Eq. ͑18͒, we can explicitly show the way to obtain the spatial distribution of the sound field from the measured moving microphone signal and the reference signal. This result was compared with the true hologram as well as the hologram from the conventional method 13 in Fig. 6 . It is noteworthy that the sound pressure level of the hologram can be compensated for by adding the mean squared pressure within the band of interest so that it can represent the overall sound pressure level of the band. It must be emphasized that the scope of this formulation is limited to the coherent bandlimited noise sources.
III. EXPERIMENTAL RESULTS
In order to verify the proposed method, we performed experiments. The experimental setup is illustrated in Fig. 7 . The vertical line array of 16 microphones was used to measure the Doppler shifted signal. The microphone spacing was 0.1 m so that spatial aliasing below 1 kHz could be avoided. The time signal was recorded by using a multichannel signal analyzer that can sample 32 channels simultaneously. Two speaker units of the same kind were used to produce a controlled sound. In order to move the speaker units, we attached them to the right side of a vehicle. The vehicle was specially designed for reducing noises from the vehicle so that they would not affect the controlled sound from the speaker units. The vehicle ran at a constant speed of 50 km/h (M ϭ0.04) during the measurements. Two photoelectric sensors, separated by 10 m, were used to record the relative position between the moving vehicle and the vertical line array by measuring the constant speed of the vehicle.
A reference microphone was installed near the speaker units ͑Fig. 7͒ to measure the source signal ͑or, normalized source spectrum͒. A 16 channel digital audio tape ͑DAT͒ recorder was used to record the reference microphone signal. Recall that signals from the reference microphone and the array microphones must be sampled simultaneously. In prac- tice, we devised one synchronization signal generator and two receivers: Three walkie-talkies were used: one for generating the synchronization signal and the others for receiving the signal. The received signals were recorded by both the DAT recorder and the signal analyzer during the measurement. They allowed us to synchronize the reference and the array signals.
First, we compared the proposed method with the conventional one. Two speaker units ͑''O'' in the results͒ whose initial phase was 180°out of phase with each other were used. They were driven by both 450 Hz pure tone and typical narrow-band noise ͑the center frequency and bandwidth were 450 and 32 Hz, respectively͒. Figure 8 demonstrates the actual source spectra measured by the reference microphone and the Doppler shifted spectra by the array microphone. The figures explicitly show that the broadening of frequency components of the source spectrum makes the Doppler shifted spectrum. Figures 9 and 10 summarize animated pictures of the results. Figure 9 was created by the proposed method and Fig. 10 by the conventional method. From Figs. 9͑a͒ and 10͑a͒ we can see that both methods are able to visualize the sinusoidal sound field well. However, Figs. 9͑b͒ and 10͑b͒ illustrate that the conventional method cannot visualize the narrow-band sound field, while the proposed method does well.
The effect of the bandwidth of the signal on the visualized image was also demonstrated. One speaker unit, attached to the right side of the vehicle ͑''O'' in Fig. 11͒ , radiated three different kinds of bandlimited noise whose center frequency was 450 Hz. They had a 10 Hz bandwidth ͑2% of the center frequency͒, 31.6 Hz bandwidth ͑7% of the center frequency͒, and 100 Hz bandwidth ͑22% of the center frequency͒, respectively. Figure 11 shows the magnitude of the reconstructed sound field on the hologram plane. The results demonstrate that the proposed method well reconstructs the sound field. However, we can observe that the results have some errors due to bandwidth. Figure 11͑b͒ and ͑c͒ show the lead of the pressure peak ͑about 1/16), whereas Fig. 11͑a͒ does not. Equation ͑12͒, which models the coherent bandlimited noise is the source of the error: The uncertainty of a narrow-band random process is represented as a broadening of peak location and shift of the acoustic center.
IV. CONCLUSIONS
The way to improve the moving frame acoustic holography was proposed so that it can be applied not only to discrete frequencies but also to coherent bandlimited noise. The way to apply the method to a practical situation was discussed. The speaker experiment demonstrates the validity of the proposed theory.
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